It is shown that the set of periods of any additive cellular automata F, where the addition is done modulo a prime p, can be determined using some simple conditions on the coefficients in the linear expression of F. In particular, we establish that the set of periods has only four possibilities: {1, m} for some m where 1 m < p, N\{p m : m ∈ N}, N\{2p m : m ∈ N ∪ {0}} or the whole set N = {1, 2, 3, . . .}. Using our results, the set of periods of any additive cellular automata, where the addition is done modulo a square-free positive integer, is easily obtained.
Introduction
Calculating the set of periods of dynamical systems has often been an interesting area of research, a classical result in this direction being Sarkovski's Theorem about interval maps (cf. [1] ). In this article, we determine completely the set of periods for a large class of one-dimensional additive cellular automata. For some interesting facts about the periodic points of additive cellular automata, one may refer to [2] . For the general theory of cellular automata, [3] is recommended. We do not go into the general theory here, and in particular we do not deal with the topological aspects. Our arguments are rather combinatorial in nature, and our proofs are built upon nothing heavier than some basic properties of primes.
Let N = {1, 2, 3, . . .}. For n ∈ N, let F n be the collection of all additive cellular automata where the addition is done modulo n. Let p be any prime. The highlights of this article are:
(i) For any F ∈ F p , the set of periods can be determined using some simple conditions on the coefficients in the linear expression of F. (ii) For any F ∈ F p , the set of periods has only four possibilities: {1, m} for some m where 1 m < p, N \ {p m : m ∈ N}, N \ {2p m : m ∈ N ∪ {0}} or the whole set N. (iii) If F ∈ F p , then our proof actually calculates the cardinality of the set {x : F n (x) = x}, which is shown to be a power of p except when F is a root of identity.
(iv) Using our results, the set of periods of any additive cellular automata, where the addition is done modulo some square-free positive integer, is easily obtained.
Basic definitions
is a periodic point for f if f n (x) = x for some n ∈ N. If x is a periodic point, then the smallest n ∈ N such that f n (x) = x is the period of x. Let Per(f ) = {n ∈ N : there is a periodic point x for f whose period is n}. Another notation we need is P n (f ) := {x ∈ X : f n (x) = x} = {x ∈ X : the period of x is a divisor of n}. Hence we have the following simple result, which will be used many a time.
Let m 2 be an integer and let A = {0, 1, . . . , m − 1}. An element x ∈ A Z is to be thought of as a two-sided sequence (x i ) i∈Z with x i ∈ A for every i. An additive cellular automata is a map F : A Z → A Z which has the form F (x) i = k j =−k a j x i+j (mod m ) for some fixed natural number m m, fixed k 1 and fixed integers a j . Since we are interested only in the periodic points of F, and since these periodic points lie in the range of F, without loss of generality we may assume m = m.
Aside: A Z can be made into a topological group with coordinate-wise addition modulo m, and then an additive cellular automata is precisely a continuous group homomorphism from A Z to itself which commutes with the left shift on A Z . But in what follows, we do not need this view. To determine Per(F ), which is our aim, it is enough to note that F has the expression given above.
Using the binomial coefficients
We require a technical result about the divisibility of the integer coefficients of a certain polynomial by a prime. The proof of this technical result uses an elementary property of binomial coefficients, which is given below. The binomial coefficient n!/j !(n − j)! is denoted by n C j . Lemma 2. Let p be a prime, n ∈ N and let m be the largest integer such that p m divides n. Then, the smallest j 1 such that n C j is non-zero modulo p, is j = p m .
The following simple technical result, which has a somewhat complicated appearance, might be known. A proof is provided for the sake of completeness.
Lemma 3.
Let p be a prime, let k ∈ N, and let a 0 , a 1 , . . . , a k be integers such that a 0 and a k are non-zero modulo p. Also, let l 1 be the smallest integer such that a l is non-zero modulo p. Fix n ∈ N and write n = p m r, where m 0 and p r. Let t be the coefficient of x t in the polynomial (a 0 + a 1 x + · · · + a k x k ) n . Then, the smallest integer t 1 such that t is non-zero modulo p is t = lp m .
Proof. For the convenience of writing, put q = p m so that n = qr. Now,
since z → z p is a morphism modulo p. By the choice of l in the hypothesis, it is clear that the smallest non-zero power of x occurring in the above expression is (x q ) l , whose coefficient is ra
For later use, observe that t = a r 1 a r 2 . . . a r n , where the sum is taken over all n-tuples (r 1 , r 2 , . . . , r n ) of non-negative integers such that r 1 + · · · + r n = t.
Per(F ) for F ∈ F p , where p is prime

Convention for this entire section: p is a prime,
To determine Per(F ), first we compute |P n (F )|. The idea behind the computation of |P n (F )| can be explained with a few words. Observe that
Note the similarity between the coefficient of x i+t in the above expression, and the coefficient t mentioned in Lemma 3, which we will exploit soon. From the above expression, it is clear that [F n (x) − x] i has a linear expression involving x i+t 's for −kn t kn, where some coefficients may vanish modulo p. Assume for the moment that there is at least one non-vanishing coefficient. Let t 0 , t 1 be, respectively, the smallest and greatest t such that the coefficient of x i+t is non-zero modulo p in the linear expression for [F n (x) − x] i . Note that t 0 and t 1 are independent of i, but they depend on n and a j 's (and of course on p). We wish to conclude that
This is argued as follows. When we look for an element For the convenience of writing let us make the following definitions. We say F is of
(ii) type-2 if ∃l ∈ {1, . . . , k} such that a −k , a l are non-zero modulo p and a j ≡ 0 (mod p) for l < j k; (iii) type-3 if ∃l ∈ {1, . . . , k} such that a l , a k are non-zero modulo p and a j ≡ 0 (mod p) for −k j < l; (iv) type-4 if ∃l ∈ {1, . . . , k} such that a 0 , a l , a k are non-zero modulo p and a j ≡ 0 (mod p) for −k j < 0 and 0 < j < l.
Note that for any F, either F or its mirror image (obtained by interchanging a j and a −j ) has to belong to one of the above types. Therefore, it is enough to calculate Per(F ) for the four types of F mentioned above. If F is of type-1, then F is either identically zero or F is a root of the identity. Therefore, in this case Per(F ) can be determined directly.
Theorem 1. If F is of type-1, that is, if F has the form F (x)
Proof. For any additive cellular automata, 1 ∈ Per(F ) since the element · · · 000 · · · is fixed by F.
, m}, where m ∈ {1, . . . , p − 1} is the smallest such that a m 0 ≡ 1 (mod p).
For the other types, we have to first calculate |P n (F )|. If F is of type-2 or type-3, then this calculation is easy.
Proposition 1. If F is of type-2, then |P n (F )| = p (k+l)n for every n. If F is of type-3, then |P n (F )| = p kn for every n.
Proof. If F is of type-2, then the smallest (greatest) t such that the coefficient of x i+t in the linear expression for [F n (x) − x] i is non-zero modulo p is same as the smallest (greatest) t such that the coefficient of x i+t in the linear expression for [F n (x)] i is non-zero modulo p. But the linear expression for F n (x) i starts with the term a n −k x i−kn and ends with a n l x i+ln and therefore In computing |P n (F )|, there is some difficulty when F is of type-4. Here, the linear expression for [F n (x)] i starts with the term a n 0 x i . So if n is such that a n 0 ≡ 1 (mod p) then the coefficient of x i in the linear expression for [F n (x) − x] i vanishes modulo p, and hence to determine the first non-vanishing coefficient, we have to resort to more refined techniques. For this purpose we will use Lemma 3 proved in the previous section.
Proposition 2. If F is of type-4, then |P n (F )| = p (n)
, where
kn − lp m if a n 0 ≡ 1(modp) and if n = p m r where p r.
Proof. Note that the coefficient of x i+t in [F n (x)] i is precisely t mentioned in Lemma 3.
This gives:
Theorem 3. Suppose that F is of type-4. Then,
Proof. Again note that 1 ∈ Per(F ) always.
Proof of (i): From Proposition 2, we have
p j < p kn/2 |P n (F )|, and therefore n ∈ Per(F ). Proof of (ii): Since a 0 > 1 (mod p), p must be an odd prime. We have |P n (F )| = p (n) , where (n) as given in Proposition 2. Let n = p m r, where p r. We note that (n) = kn if r is odd and hence n ∈ Per(F ) in this case by Lemma 1, since d|n and d<n
If r 4 is even, then (n−p m ) 3n/4 so that d|n and d<n |P d (F )| < p kn/2+1 p 3kn/4 |P n (F )|, and hence n ∈ Per(F ). In the remaining case, r = 2 so
Proof of (iii): Here, we have three subcases. For the arguments below, let n = p m r, p r. Subcase-1: Suppose that l = k, a 0 / ≡ 1 (mod p) and a 2 0 / ≡ 1 (mod p). In particular, p must be an odd prime. We have that (n) = kn if r = 1 or 2, and hence n ∈ Per(F ) in these cases by the typical argument since (d) kd for every divisor d of n. If r 3 and n 6, then d|n and d<n |P d (F )| < p kn/2+1 p 2kn/3 |P n (F )|, and hence n ∈ Per(F ). The possibly remaining cases are n = 2, 3, 4, 5. We can show that 2, 3, 4, 5 ∈ Per(F ) from the data
Subcase-2: Suppose l < k and a 0 ≡ 1 (mod p). Proof. Theorems 1-3.
5.
Per(F ) for F ∈ F n , where n is square-free For this section, let A n = {0, 1, . . . , n − 1} for n ∈ N. Note that A n is a group with addition modulo n. If n is square-free, n = p 1 · · · p t for distinct primes p j . Basic group theory tells that the map m → (m 1 , . . . , m t ) , where m j is m (mod p j ), is a group isomorphism from A n onto A p 1 × · · · × A p t . This group isomorphism induces a bijection (in fact, a group isomorphism) :
From the previous section we know Per(F j ) for every j. Therefore, we feel that it should be possible to determine Per(F ) also. The following two simple results, whose proofs are omitted, help us to say that our guess is correct. Thus we have the following tool to determine Per(F ) for F ∈ F n , when n is square-free.
Theorem 4. Let n = p 1 · · · p t be a product of distinct primes and let F ∈ F n . For 1 j t, let F j ∈ F p j be as given above. Then, Per(F ) = {l.c.m(r 1 , . . . , r t ) : r j ∈ Per(F j )}.
We illustrate the use of this theorem by an example.
Example. Let F : A Z
6 → A Z 6 be given by F (x) i = 5x i + x i+1 (mod 6). Since 6 = 2.3, define Remark. Let p be a prime. Determining Per(F ) for F ∈ F p m , where m > 1, seems to be difficult. The essential reason is the following. While considering F ∈ F p , to compute |P n (F )| we used the fact that if A = {0, 1, . . . , p − 1} and if q ∈ A \ {0}, then {qr (mod p) : r ∈ A} = A. The corresponding result is no longer true if we replace p with p m , m > 1.
